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Abstract: In this paper, we study some relevant cosmological features of a Dark Energy
(DE) model with Granda-Oliveiros cut-off, which is just a specific case of Nojiri-Odintsov
holographic DE (ref [1]) unifying phantom inflation with late-time acceleration, in the frame-
work of Chameleon Brans-Dicke (BD) Cosmology. Choosing a particular ansatz for some of
the quantities involved, we derive the expressions of some important cosmological quantities,
like the Equation of State (EoS) parameter of DE wD, the effective EoS parameter weff ,
the pressure of DE pD and the deceleration parameter q. Moreover, we study the behavior
of statefinder parameters r and s, of the cosmographic parameters j, scosmo, l and m and
of the squared speed of the sound v2s for both case corresponding to non interacting and
interacting Dark Sectors. We also plot the quantities we have derived and we calculate their
values for t → 0 (i.e. for the beginning of the Universe history), for t → ∞ (i.e. for far
future) and for the present time, indicated with t0. The EoS parameters have been tested
against various observational values available in the literature.
1. INTRODUCTION
Accumulating the observational data of distant Supernovae Ia, Riess et al. [2] and Perlmutter
et al. [3] independently reported that the current Universe is expanding with acceleration. Sub-
sequently, other observational studies including Cosmic Microwave Background (CMB) radiation
anisotropies, Large Scale Structure (LSS) and X-ray experiments have provided further strong evi-
∗Electronic address: toto.pasqua@gmail.com
†Electronic address: schattopadhyay1@kol.amity.edu; surajitchatto@outlook.com
‡Electronic address: beeshama@unizulu.ac.za
2dences supporting the present day accelerated expansion of the Universe [4–12]. The exotic matter,
perhaps the cause of this acceleration, is dubbed as “Dark Energy” (DE). DE is different from the
ordinary matter in the sense that it is characterized by negative pressure. The The Cosmological
Constant ΛCC , proposed first by Einstein and latter abandoned by himself, revived as the simplest
candidate of DE once the accelerated expansion is discovered. There are two other approaches to
account for this late time acceleration. One is to introduce a suitable energy-momentum tensor
with negative pressure to the right hand side of Einstein equation and other is to modify the left
hand side of Einstein equation. This first approach is dubbed as “modified matter” approach and
the one is called “modified gravity” approach. Different candidates for late time acceleration are
differentiated based on the EoS parameter w = p/ρ, which for accelerated expansion of the Uni-
verse requires to be < −1/3. The Cosmological Constat ΛCC has a constant EoS parameter which
value is exactly w = −1. Although it is consistent with observations, it can not tell us much about
the time evolution of the EoS parameter and hence many other DE models have been proposed
where the EoS parameter is dynamic in nature. These models are reviewed in [13–22].
According to recent observational data, Dark Energy (DE) and Dark Matter (DM) represent, re-
spectively, the 68.3% and the 26.8% of the total energy density ρtot of the present day observable
Universe [23], while the ordinary baryonic matter contributes for only about the 4.9% of ρtot.
Moreover, we have that the radiation term ρr contributes to the total cosmic energy density ρtot
in a practically negligibly way. Different candidates of DE have been discussed widely in scientific
literature: some of them include quintessence, tachyon, k-essence, Chaplygin gas, quintom, Age-
graphic DE (ADE), New Agegraphic (NADE) and phantom [24–65].
In literature, one of the most studied DE candidate model is represented by the so-called Holo-
graphic DE (HDE) model [66–73], which is based on the “holographic principle”, according to
which the total entropy of a system scales not with the volume V , but instead with the area A of
the enveloping horizon. In the context of Cosmology, it sets an upper bound to the entropy of the
Universe. It was shown by Cohen et al. [73] that in Quantum Field Theory (QFT) the ultraviolet
(UV) cut-off ΛUV should be related to the IR cut-off L due to limit set by forming a black hole. If
the vacuum energy density caused by UV cut-off is given by the relation ρD = Λ
4
UV , then the total
energy of a system of size L should be less or equal than the mass of the system-size black hole,
i.e. we must have that:
ED ≤ EBH , (1)
3which implies that:
L3ρD ≤M2pL, (2)
where the term Mp = (8πG)
−1/2 ≈ 1018GeV represents the reduced Planck mass (with G being
the Newton’s gravitational constant). If the largest possible cut-off L is the one which saturate the
inequality given in Eq. (5), we obtain the following relation for the energy density of HDE ρD:
ρD = 3c
2M2pL
−2, (3)
where the quantity c2 represents a dimensionless numerical constant which precise value can be
derived by using observational cosmological data: for a flat (i.e. for k = 0) Universe c = 0.818+0.113−0.097
and in the case of a non-flat (i.e. for k 6= 0) Universe we have c = 0.815+0.179−0.139 [74, 75].
Recently, the cosmic acceleration has been also accurately studied by using the concept of modi-
fication of gravity [76, 77]. For example, we know that adding a term proportional to 1/R (with
R indicating the Ricci scalar) to the Einstein action leads to a gravitational alternative to the DE
[78, 79].
Some of the most famous and known models of modified gravity are represented by braneworld
models, f (T ) gravity (where the term T indicates the torsion scalar), f (R) gravity (where the
term R indicates the Ricci scalar curvature), f (G) gravity (where the term G = R2 − 4RµνRµν +
RµνλσR
µνλσ represents the Gauss-Bonnet invariant, with Rµν representing the Ricci curvature
tensor and Rµνλσ representing the Riemann curvature tensor), f (R,T ) gravity, Horava-Lifshitz
gravity Dirac-Born-Infeld (DBI) models, Dvali-Gabadadze-Porrati (DGP) model and Brans-Dicke
(BD) gravity [80–122].
In the present work, we focus on a recently proposed energy density model which is function of the
Hubble parameter H and on its first and second time derivatives in the framework of Chameleon
Brans-Dicke Cosmology. Therefore, we here discuss the main characteristics and features of the
BD Chameleon Cosmology. Cosmological models of the classical BD theory were first studied
in the papers of Greenstein [123, 124]. Later on, Khoury & Weltman [125, 126] considered self-
interactions of the scalar field in order to avoid the bounds on such a field; moreover, they suggested
such scalars to be Chameleon fields because of the way in which the mass of the fields depends on
the energy density of matter in the local environment. In another work, Brax et al. [127] have
demonstrated that the Chameleon scalar field can produce explicit realizations of a quintessence
model, where the quintessence scalar field directly couples to baryons and DM with gravitational
strength. Farajollahi & Salehi [128] discussed the important role of interacting Chameleon scalar
4field in the phantom crossing. The interacting HDE model in the framework of the Chameleon-
tachyon Cosmology was discussed in the paper of Farajollahi et al. [129].
A Chameleon scalar field is introduced in models with a non-minimal coupling between the scalar
field and the matter system [130]. Das & Banerjee [131] introduced this kind of Chameleon-matter
coupling in the BD model to achieve an accelerated expansion of the Universe. In a recent work,
Bisabr [130] considered a generalized BD model with the scale factor a (t) given in the power law
form and allowed a non-minimal coupling with the matter sector.
Since DE occupies about 70% of the total energy density of the present day Universe, while sooner
after the Big Bang its contribution was practically negligible, it is reasonable to consider that the
energy density of DE must be a function of the Hubble parameter H and its derivatives with re-
spect to the cosmic time t since the Hubble parameter gives information about the expansion rate
of the Universe. In view of this, Chen & Jing [132] recently assumed that the energy density ρD of
DE contains three terms, one proportional to the Hubble parameter H and other two which are,
respectively, proportional to the first and to the second time derivatives of H, i.e. H˙ and H¨. Each
term forming the expression of the energy density is also proportional to a constant parameter. The
final expression of the energy density ρD of DE they proposed is given by the following relation:
ρD = 3M
2
p
(
αH¨H−1 + βH˙ + εH2
)
, (4)
where α, β and ε are three arbitrary dimensionless parameters characterizing the DE energy den-
sity model. One of the main properties of this model is that it can help to alleviate the age
problem of the old objects. The numerical factor 3 present in Eq. (4) is introduced since it helps
to simplify some of the following calculations. We must emphasize here that the inverse of the
Hubble parameter (i.e. H−1) is introduced in the first term of the energy density of DE given in
Eq. (4) so that the dimensions of all terms are identical. The behavior and the main cosmological
characteristics of the model given in Eq. (4) strongly depend on the three parameters of the model
α, β and ε. The expression of the energy density ρD given in Eq. (4) can be considered as an
extension and a generalization of other DE energy density models previously proposed in scientific
literature. In fact, in the limiting case corresponding to α = 0, we obtain the energy density of DE
in the case the infrared cut-off of the system is given by the Granda-Oliveros (GO) cut-off [133].
Moreover, in the limiting case corresponding to α = 0, β = 1 and ε = 2, we obtain the expression
of the energy density of DE with IR cut-off proportional to the average radius of the Ricci scalar
curvature
(
L ∝ R−1/2) in the case of curvature parameter k assumes the value of zero, i.e. k = 0.
Since the model considered in this work has an extra free parameter, it can be considered more
5general than the RDE model.
Other interesting works involving higher derivatives of the Hubble parameter are [134, 135].
The paper is organized as follows. In Section 2, we write the main information about the cosmo-
logical properties of the Chameleon BD Cosmology, the energy density model we are considering
and the ansatz we have chosen for some parameters considered in this paper; moreover, we obtain
some important cosmological quantities, like the Equation of State (EoS) parameter of DE wD,
the effective EoS parameter weff , the pressure of DE pD and the deceleration parameter q. In
Section 3, we study the statefinder diagnostic for the model we are studying. In Section 4, we
derive and study the expressions of the Cosmographic parameters j, scosmo, l and m for the model
we consider. In Section 5, we study the behavior of the squared speed of the sound v2s in order to
have more information about the model we are dealing with, in particular to study the stability of
the model considered. Finally, in Section 6, we write the Conclusions of this work.
2. DE MODEL WITH HIGHER TIME DERIVATIVES OF THE HUBBLE
PARAMETER IN CHAMELEON BRANS-DICKE COSMOLOGY
In this Section, we describe the main cosmological properties of the Chameleon Brans-Dicke
(BD) Cosmology, we introduce and describe the DE energy density model we are considering
and we introduce the ansatz we have chosen for some of the quantities involved in the following
equations.
The Chameleon BD model in which the scalar field is coupled non-minimally to the matter field is
described by the action S given by the following equation:
S =
1
2
∫
d4x
√−g
[
φR−
(
ω
φ
)
gµν∇µφ∇νφ− 2V + 2f (φ)Lm
]
, (5)
where gµν indicates the metric tensor, g is the determinant of the metric tensor, R indicates the
Ricci scalar, φ indicates the BD scalar field while f (φ) and V (φ) represent two analytic functions
of the BD scalar field φ. The matter Lagrangian density, which is indicated with Lm, is coupled
with the BD scalar field φ via the analytical function f (φ), which allows a non-minimal coupling
between the matter system and the scalar field. In the limiting case corresponding to f (φ) ≡ 1,
we recover the BD action with potential function φ. Varying the action S given in Eq. (5) with
respect to the metric gµν and the BD scalar field φ, we obtain the following two field equations:
φGµν = T
φ
µν + f (φ)T
m
µν , (6)
(2ω + 3)φ + 2
(
2V − V ′φ) = Tmf − 2f ′φm, (7)
6whereGµν indicates the Einstein tensor,  indicates the d’Alambertian and it is given by = ∂
µ∂µ,
Tm = gµνTmµν and the prime
′ indicates a differentiation with respect to the scalar field φ, i.e. ′ = ddφ .
Moreover, we have that the term T φµν is given by the following relation:
T φµν =
ω
φ
(
∇µφ∇νφ− 1
2
gµν∇αφ∇αφ
)
+ (∇α∇αφ− gµνφ)− V (φ) gµν , (8)
while the term Tmµν is given by the following relation:
Tmµν =
( −2√−g
)
δ (
√−gLm)
δgµν
. (9)
The explicit coupling between matter system and φ implies that the stress tensor Tmµν is not
divergence free.
We now apply the above framework to a homogeneous and isotropic Universe described by the
Friedman-Robertson-Walker (FRW) metric given by the following relation:
ds2 = −dt2 + a2 (t)
(
dr2
1− kr2 + r
2dΩ2
)
, (10)
where a (t) represents the scale factor (which provides the information about the expansion history
of the Universe), r indicates the radial component of the metric, t is the cosmic time and k is the
curvature parameter, which can assume the values −1, 0 or +1 yielding, respectively, an open, a
flat, or a closed FRW Universe. Moreover, the term dΩ2 = r2
(
dθ2 + sin2 θdϕ2
)
denotes the solid
angle element squared. Moreover, we have that the quantities θ and ϕ are, respectively, the usual
azimuthal and polar angles, with 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π.
In a spatially flat Universe, i.e. for k = 0, Eqs. (6) and (9) yield the following set of three equations:
3H2 =
(
f
φ
)
ρ+
(ω
2
) φ˙2
φ
− 3H
(
φ˙
φ
)
, (11)
3
(
H˙ +H2
)
= − 3ρ
φ (2ω + 3)
{
γφf ′ +
[
ω
(
γ +
1
3
)
+ 1
]
f
}
−
(ω
2
) φ˙2
φ
+ 3H
(
φ˙
φ
)
+
(
1
2ω + 3
)[
3V ′ + (2ω − 3)
(
V
φ
)]
, (12)
(2ω + 3)
(
φ¨+ 3Hφ˙
)
− 2 (2V − φV ′) = ρ [(1− 3γ) f + 2γφf ′] . (13)
We must underline that a prime ′ indicates a derivative with respect to the scalar field φ while a
dot indicates a derivative with respect to the time t, i.e ˙ = ddt . Moreover, in Eqs. (11), (12) and
(13), we have that ρ = ρD + ρm and γ =
pD
ρm+ρD
. We must also remember that we are considering
pressureless DM, then pm = 0.
In this paper, we investigate the case corresponding to a special ansatz of V , f , a and φ. Based
7on this ansatz, we can also determine some constraints on the BD parameter ω.
Following the procedure done in [130], we choose the following ansatz for the scale factor a, the
BD scalar field φ and the analytical functions V and f :
a (t) = a0t
n, (14)
φ (t) = φ0t
m, (15)
V (φ) = V0φ
l1 = V0 (φ0t
m)l1 , (16)
f (φ) = f0φ
l2 = f0 (φ0t
m)l2 , (17)
where the four quantities n, m, l1 and l2, are four dimensionless parameters, with n > 0 in order
to have an accelerated Universe. Moreover, a0, φ0, V0 and f0 indicate, respectively, the present
day values of a, φ, V and f .
Since M2p =
1
8πG and, in BD Chameleon theory, we derive that the BD scalar field φ is inversely
proportional to the Newton’s gravitational constant G, i.e. we have φ ∝ G−1, we can write the
energy density of DE ρD given in Eq. (4) in the framework of Chameleon BD Cosmology as follows:
ρD = 3φ
[
α
(
H¨
H
)
+ βH2 + εH˙
]
. (18)
We can now derive the expression of some cosmological quantities starting from the expression of
the energy density of DE ρD given in Eq. (18).
1. Non Interacting Case
We start considering the non interacting case.
Using the definition of the scale factor a (t) given in Eq. (14), we obtain the following expression
for the Hubble parameter H as function of the cosmic time:
H =
a˙
a
=
n
t
. (19)
In order to obtain a well-defined expression of the Hubble parameter H obtained in Eq. (19), we
must have that n > 0, which is consistent with the choice previously made to choose positive values
of n.
Differentiating with respect to the cosmic time t the expression of H derived in Eq. (19), we have
that the first and the second time derivatives of the Hubble parameter H are given, respectively,
8by the following relations:
H˙ = − n
t2
, (20)
H¨ =
2n
t3
. (21)
Then, using in the definition of the energy density of DE ρD given in Eq. (18) the results for H,
H˙ and H¨ obtained in Eqs. (19), (20) and (21) along with the definition of the BD scalar field φ
given in Eq. (15), we can rewrite the expression of the energy density of DE ρD as function of the
cosmic time t as follows:
ρD = 3φ0 [2α+ n (nβ − ε)] tm−2. (22)
We can clearly observe that the expression of ρD obtained in Eq. (22) depends on the values of
the parameters characterizing the various quantities considered. In particular, the behavior of ρD
depends on the value of m− 2: if this quantity is positive, then ρD has an increasing behavior, if
m− 2 assumes a negative value, then ρD has a decreasing behavior.
In Figure 1, we plot the behavior of the energy density of DE ρD for the non interacting case given
in Eq. (22). We must underline that for this and all the following Figures, we have chosen three
different cases: m = 2.2 (plotted in red), m = 1.5 (plotted in blue) and m = 1.3 (plotted in green).
All the other parameters assumes the following values: a0 = 1.1, n = 2, α = 2, β = 1.5, ε = 0.5
and φ0 = 0.02 for all the three cases considered.
We can clearly observe in Figure 1 that ρD has an increasing behavior for the case corresponding
to m = 2.2 while it has a decreasing behavior for the other two cases considered.
We also obtain that, in the limiting case of m = 2, the energy density of DE ρD obtained in Eq.
(22) assumes a constant value given by the following relation:
ρD = 3φ0 [2α+ n (nβ − ε)] . (23)
From Eq. (23), in order to have a positive defined expression of ρD, we must have that 2α +
n (nβ − ε) > 0 since we assumes that the quantity φ0 is positive defined.
In order to respect the local energy-momentum conservation law, given by the relation ∇µT µν = 0
(where the term T µν represents the energy-momentum tensor), we have that the total energy
density, defined as ρtot = ρD + ρm, must satisfy the following continuity relation:
ρ˙tot + 3H (ρtot + ptot) = 0, (24)
9FIG. 1: Plot of the energy density of DE ρD given in Eq. (22) as function of the cosmic time t for the non
interacting case.
where ptot represents the total pressure.
We also have that Eq. (24) can be written as follows:
ρ˙tot + 3H (1 + wtot) ρtot = 0, (25)
where the quantity wtot ≡ ptot/ρtot represents the total EoS parameter, with ptot being the total
pressure, which is equivalent to the DE pressure pD since we consider pressureless DM.
If there is not interaction between DE and DM, the two energy densities ρD and ρm for DE and
DM are conserved separately according to the following relations:
ρ˙D + 3HρD (1 + wD) = 0, (26)
ρ˙m + 3Hρm = 0, (27)
where wD indicates the EoS parameter of DE. We also have that the EoS parameter of DM wm is
equal to zero since we consider pm = 0.
From the continuity equation of DE defined in Eq. (26), we obtain the following expression for the
EoS parameter of DE wD:
wD = −1− ρ˙D
3HρD
. (28)
We have already obtained the expressions of H and ρD respectively in Eqs. (19) and (22), we now
need to find the expression of ρ˙D in order to find the final expression of wD.
10
Using the expression of ρD given in Eq. (22), we have that the first time derivative of the energy
density of DE ρD is given by the following relation:
ρ˙D = 3 (m− 2)φ0 [2α+ n (nβ − ε)] tm−3. (29)
Therefore, using in Eq. (28) the expressions of H, ρD and ρ˙D obtained, respectively, in Eqs. (19),
(22) and (29), we obtain that the final expression of the EoS parameter of DE wD is given by the
following relation:
wD = −3n+m− 2
3n
= −1− m− 2
3n
, (30)
i.e. wD assumes a constant value which depends on the values of the exponents n and m. In
particular, we obtain that wD = −1 for m = 2 independently on the value of n.
In Figure 2, we plot the behavior of the EoS parameter of DE wD obtained in Eq. (30) for a range
of values of the exponents m and n. In particular, we have chosen n > 0 (which is required in
order to have an accelerated Universe) and m ≥ 0.
We obtain that the EoS parameter of DE wD can assume values which can be greater, equals or
0
2
4
m
0
2
4
n
-2.0
-1.5
-1.0
-0.5
0.0
FIG. 2: Tridimensional plot of the Equation of State (EoS) parameter of DE wD given in Eq. (30) as function
of the parameters m and n for the non interacting case. We have that wD = −1 for m = 2 independently
on the value of n.
lower than −1 according to the values assumed by m and n. In particular, we have that wD > −1
when m > 2 while we have that wD < −1 when m < 2.
Using the continuity equation for DE given in Eq. (26), we obtain the following general expression
11
for the pressure of DE pD as follows:
pD = −ρD − ρ˙D
3H
. (31)
Using in Eq. (31) the expression of ρD obtained in Eq. (22) along with the expressions of H and
ρ˙D obtained, respectively, in Eqs. (19) and (29), we obtain the following expression for pD:
pD = −φ0
(
3n+m− 2
n
)
[2α + n (nβ − ε)] tm−2. (32)
We clearly observe that, in the limiting case corresponding to m = 2, the expression of pD defined
in Eq. (32) assumes the constant values given by the relation:
pD = −3φ0 [2α+ n (nβ − ε)] . (33)
Therefore, we obtain that, for m = 2, we have pD = −ρD.
In Figure 3, we plot the behavior of the pressure of DE pD for the interacting case given in Eq.
(32). Both expressions of pD obtained in Eqs. (32) and (33) depend on the values of the parameters
FIG. 3: Plot of the pressure of DE pD given in Eq. (32) as function of the cosmic time t for the non
interacting case.
characterizing the quantities involved in this paper; moreover, Eqs. (32) and (33) can assume both
positive and negative values depending on the choice made for the parameters involved. We can
clearly observe that for the case corresponding to m = 2.2, the pressure of DE pD has a decreasing
value while for the other two cases it has an increasing behavior. Moreover, we observe that pD
12
always assumes negative values.
We can also study the effective EoS parameter weff , which is generally defined as follows:
weff =
pD
ρD + ρm
. (34)
We must underline also that γ = weff .
We have already obtained the expressions of the energy density of DE ρD and of the pressure of
DE pD respectively, in Eqs. (22) and (32), we now must derive the expression of the energy density
of DM ρm.
From the continuity equation for DM given in Eq. (27), we obtain the following expression for ρm:
ρm = ρm0a
−3
= ρm0a
−3
0 t
−3n, (35)
where ρm0 indicates the present day value of ρm and we have used the definition of the scale factor
a given in Eq. (14). In all Figures where ρm0 is involved, we consider ρm0 = 0.3. Therefore, using
in Eq. (34) the expressions of ρD, pD and ρm given, respectively, in Eqs. (22), (32) and (35), we
obtain the following expression for weff :
weff = − (m+ 3n− 2)t
−2+m [2α+ n(nβ − ǫ)]φ0
n
{
t−3nρm0
a30
+ 3t−2+m [2α+ n (nβ − ǫ)]φ0
}
= − (m+ 3n− 2) [2α+ n (nβ − ǫ)]φ0
n
{
t−3n−(m−2)ρm0
a30
+ 3 [2α+ n (nβ − ǫ)]φ0
} . (36)
For weff and all the subsequent quantities we plot, we calculate the values they assume for three
different limiting cases: 1) t→ 0, i.e. at the beginning of the Universe 2) t→∞, i.e. for far future,
3) at present time, indicated with t0. We must do some considerations about the value assumed
by t0. We now that the scale factor a (t) is related to the redshift z thanks to the relation:
a (t) =
1
1 + z
. (37)
Therefore, using the expression of scale factor we have chosen in Eq. (14), we can write:
t =
[(
1
1 + z
)(
1
a0
)] 1
n
. (38)
The present time t0 is obtained for z = 0, therefore we have that t0 can be obtained using the
relation:
t0 =
(
1
a0
) 1
n
. (39)
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Considering the values of a0 and n we are considering in this paper, we obtain that:
t0 ≈ 0.953. (40)
For t→ 0, we have that ωeff → 0 for all the cases considered in this paper.
In the limiting case of t → ∞, i.e. for far future, we obtain from Eq. (36) that weff = wD.
Considering the expression of wD obtained in Eq. (30), we obtain for the three different cases we
are considering that:
weff,late,1 ≈ −1.033, (41)
weff,late,2 ≈ −0.917, (42)
weff,late,3 ≈ −0.883. (43)
At present time, i.e. for t = t0, we obtain, for the three different cases we are considering, that:
weff,present,1 ≈ −0.662, (44)
weff,present,2 ≈ −0.594, (45)
weff,present,3 ≈ −0.575. (46)
In Figure 4, we plot the behavior of weff given in Eq. (36). We can clearly observe that,
FIG. 4: Plot of the effective Equation of State (EoS) parameter weff given in Eq. (36) as function of the
cosmic time t for the non interacting case.
initially, weff has a monotone decreasing behavior for all the three cases considered, while it starts
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to have a flat behavior for later times tending to weff →≈ −1. We also obtain, as expected, that
for t→ 0 ωeff → 0. Moreover, for all the cases considered, we start with weff > −1, but it has a
different behavior for later times according to the value of m considered: for the case with m = 2.2,
we have that for t ≈ 1.4 weff crosses the phantom boundary, instead for the other two cases we
have that weff asymptotically tends to -1 without crossing it.
Therefore, for the non interacting case, we conclude that weff has a quintom-like behavior for
m = 2.2.
In the limiting case of m = 2, we obtain that:
weff = − 3 [2α+ n (nβ − ǫ)]φ0t−3nρm0
a30
+ 3 [2α+ n (nβ − ǫ)]φ0
. (47)
For t→∞, we derive from Eq. (47) that weff → −1.
Furthermore, for all the set of values given by m = 2− 3n, we obtain that weff = 0 independently
on the values of the other parameters involved.
We now want to derive some information about the BD parameter ω.
Using the results of Eqs. (22), (32) and (35) in Eq. (12), we obtain the following relation:
−
(
9f0φ
l2
0
2ω + 3
)
[2α + n (nβ − ε)]
[
γl2 + ω
(
γ +
1
3
)
+ 1
]
tml2
−
{
3ρm0f0φ
l2−1
0
[
γl2 + ω
(
γ + 13
)
+ 1
]
a30 (2ω + 3)
}
tm(l2−1)+2−3n
+
[
V0 (3l1 + 2ω − 3)φl1−10
2ω + 3
]
t2+m(l1−1) = 3n (n− 1)− ωn2 + 2nm, (48)
where we used the following relations:
φ˙ =
dφ
dt
= mφ0t
m−1, (49)
V ′ =
dV
dφ
= V0l1φ
l1−1 = V0l1φ
l1−1
0 t
m(l1−1), (50)
f ′ =
df
dφ
= f0l2φ
l2−1 = f0l2φ
l2−1
0 t
m(l2−1). (51)
We must also underline that, using the expression of γ equivalent to weff , there are no further
temporal contribution to the terms of Eq. (48) where γ is present.
In Eq. (48), we have that the right hand side term, i.e. 3n (n− 1)−ωn2+2nm, is a constant term
while all the terms in the left side have a temporal dependance. Therefore, we have that the right
and the left sides can be equals only if all the exponents of t are equals to zero. We have that the
exponent of the second and third terms of the left hand side can be equals to zero, while we have
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that ml2 6= 0 for all values of m and l2 we are considering. Then, we have that its coefficient must
be equal to zero. We have two possibilities which can satisfy this condition:
2α + n(nβ − ǫ) = 0, (52)
γl2 + ω
(
γ +
1
3
)
+ 1 = 0. (53)
The condition given in Eq. (52) leads to pD = 0, therefore we exclude it and we consider only the
condition given in Eq. (53).
Therefore, from Eq. (48), we obtain the following restrictions on the parameters involved:
ω = −3 (1 + γl2)
1 + 3γ
, (54)
−2 = m (l2 − 1)− 3n, (55)
−2 = m (l1 − 1) . (56)
Moreover, combining the results of Eqs. (55) and (56), we obtain the following condition:
m (l2 − l1) = 3n. (57)
Furthermore, combining Eqs. (54) and (57), we obtain the following relation for ω:
ω = −3
[
1 + γ
(
3n
m + l1
)]
1 + 3γ
. (58)
From Eq. (56), we obtain that l1 is given by:
l1 =
2
m
+ 1. (59)
Therefore, we can write the BD parameter ω as follows:
ω = −3
[
1 + γ
(
3n−2
m + 1
)]
1 + 3γ
. (60)
In 1973, the condition ω > 5 was consistent with data known at the epoch. By 1981, the constrain
ω > 30 was consistent with data available that time. In 2003, evidence derived from the Cassini-
Huygens experiment indicates that the value of ω must exceed 40,000 [136]. The information and
constrains on the value of ω can also help to have better constrains on the values of the other
parameters involved thanks to the result of Eq. (54).
We can also study the behavior of the deceleration parameter q, which can be obtained from the
general relation given by:
q = − a¨a
a˙2
− 1− H˙
H2
. (61)
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The expansion of the Universe results to be accelerated if the term a¨ has a positive value, as recent
cosmological measurements suggest; in this case, q assumes a negative value.
We have that the deceleration parameter q can be also written as function of the total pressure
ptot and the total energy density ρtot as follows:
q =
1
2
+
3
2
(
ptot
ρtot
)
=
1
2
+
3
2
(
pD
ρD + ρm
)
. (62)
Using in Eq. (62) the expression of ρD, pD and ρm obtained in Eqs. (22), (32) and (35), we obtain
the following final expression for the deceleration parameter for the non interacting case qnon:
qnon =
1
2
− 3
2
{
φ0 (3n+m− 2) [2α + n (nβ − ε)] tm−2
3nφ0 [2α+ n (nβ − ε)] tm−2 + ρm0na−30 t−3n
}
=
1
2
− 3
2
{
φ0 (3n +m− 2) [2α+ n (nβ − ε)]
3nφ0 [2α+ n (nβ − ε)] + ρm0na−30 t−(3n+m−2)
}
. (63)
In Figure 5, we plot the behavior of qnon obtained in Eq. (63). We can observe that qnon has
FIG. 5: Plot of the deceleration parameter qnon given in Eq. (63) as function of the cosmic time t for the
non interacting case.
a decreasing behavior for all the three cases considered, starting with qnon > 0. The transition
between non accelerated and accelerated Universe, i.e. between qnon > 0 and qnon < 0, happens
at t ≈ 0.7 ÷ 0.8, depending on the values of the parameters involved. We observe that for t → 0,
we obtain qnon ≈ 1/2 for all the cases considered (as it was already derived in Figure 5), which
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means that at the the beginning of the cosmic history the models considered lead to a decelerated
Universe.
Instead, in the limiting case of t→∞, we obtain that qnon is given by the following expression:
qnon,late =
1
2
[
1− (3n+m− 2)
n
]
= −1− (m− 2)
2n
, (64)
which is a constant value depending on the values of the exponents n and m only.
Considering the values of the parameters we considered for the plots, we obtain the following values
for the three different cases we take into account:
qnon,late,1 ≈ −1.050, (65)
qnon,late,2 ≈ −0.875, (66)
qnon,late,3 ≈ −0.825. (67)
Therefore, we obtain values of the deceleration parameter which indicate an accelerated Universe
for the far future.
At present time, we obtain that:
qnon,present,1 ≈ −0.493, (68)
qnon,present,2 ≈ −0.391, (69)
qnon,present,3 ≈ −0.362, (70)
therefore at present time we obtain values of the deceleration parameter which indicate an accel-
erated Universe, result in agreement with the available cosmological observation.
In the limiting case of m + 3n − 2 = 0, or equivalently m = 2 − 3n, we obtain from Eq. (64)
that q = 1/2, which means a decelerated Universe, result which is in contrast with the present day
observations.
The limiting case corresponding to qnon = 0, which indicates the transition between decelerated
and accelerated Universe, happens for Eq. (63) when:{
φ0 (3n+m− 2) [2α+ n (nβ − ε)]
3nφ0 [2α+ n (nβ − ε)] + ρm0a−30 t−(3n+m−2)
}
=
1
3
. (71)
Therefore, we will have accelerated Universe (i.e. q < 0) from Eq. (63) if:{
φ0 (3n+m− 2) [2α+ n (nβ − ε)]
3nφ0 [2α+ n (nβ − ε)] + ρm0a−30 t−(3n+m−2)
}
<
1
3
. (72)
18
For t→ 0, we have an accelerated Universe provided that:
−1− (m− 2)
2n
< 0, (73)
which implies that:
m > 2 (n− 1) . (74)
2. Interacting Case
We now extend the calculations accomplished in the previous Subsection to the case of presence
of interaction between the two Dark Sectors.
Some recent observational evidences obtained about the cluster of galaxies known as Abell A586
clearly support the existence of a kind of interaction between DE and DM [137, 138]. Unfortu-
nately, the precise strength of this interaction is not clearly determined [139]. The existence of
an interaction between the Dark Sectors can be also detected during the formation of the Large
Scale Structures (LSS). It was considered that the dynamical equilibrium of collapsed structures
(like clusters of galaxies) can be modified because of the coupling and interaction between DE and
DM [140, 141]. The main idea is that the virial theorem results to have a modification due to the
energy exchange between DM and DE, which leads to a bias in the estimation of the virial masses of
clusters of galaxies when the usual virial conditions are considered. Other observational signatures
on the Dark Sectors mutual interaction can be observed in the probes of the cosmic expansion
history by using results of the Baryonic Acoustic Oscillation (BAO), Supernovae Ia (SNeIa) and
CMB shift data [142, 143].
In presence of interaction between the two Dark Sectors, the energy densities of DE and DM ρD
and ρm are conserved separately and the conservation equations take the following form:
ρ˙D + 3HρD (1 + wD) = −Q, (75)
ρ˙m + 3Hρm = Q. (76)
We have that in Eqs. (75) and (76), the term Q represents an interaction term which is an arbitrary
function of cosmological parameters, like the Hubble parameter H, the deceleration parameter q
and the energy densities of DM and DE ρm and ρD, i.e. Q(ρm, ρD,H, q). Many different candidates
have been proposed in order to describe Q. In this paper, we have chosen to consider the following
one:
Q1 = 3b
2Hρm, (77)
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where the term b2 represents a coupling parameter between DM and DE, which is also known as
transfer strength or interaction parameter [144–146]. Thanks to the observational cosmological
data obtained from the Gold SNe Ia samples, the CMB data from the WMAP satellite and the
Baryonic Acoustic Oscillations (BAO) from the Sloan Digital Sky Survey (SDSS), it is established
that the coupling parameter between DM and DE must assume a small positive value, which is in
agreement with the requirements for solving the cosmic coincidence problem and the constraints
which are given by the second law of thermodynamics [147]. Observations of CMB radiation and
of clusters of galaxies suggest that 0 < b2 < 0.025 [148]. This result is in agreement with the fact
that the interaction term b2 must be taken in the range of values [0,1] [149] with the limiting case
of b2 = 0 leading to the non-interacting FRW model. We must also remember and underline that
other interaction terms have been proposed and well studied in literature.
From the continuity equation for DE defined in Eq. (26), we obtain the following general expression
for the EoS parameter of DE wD:
wD = −1− ρ˙D
3HρD
− Q
3HρD
. (78)
We have already obtained the expressions of ρD and ρ˙D, respectively, in Eqs. (22) and (29), we
now need to find the expression of ρm for the interacting case in order to be able to obtain the
final expression of the EoS parameter of DE.
Solving the continuity equation for DM given in Eq. (76), we obtain the following expression for
ρm,int:
ρm,int = ρm0a
−3(1−b2)
= ρm0a
−3(1−b2)
0 t
−3(1−b2)n, (79)
where we have used the expression of the scale factor a(t) defined in Eq. (14). We have that, in the
limiting case corresponding to b2 = 0 (i.e. in absence of interaction), we recover the same result of
the non interacting case obtained in the previous subsection.
Therefore, using the expressions of the Hubble parameter H, the energy density of DE ρD and
the energy density of DMρm,int obtained, respectively, in Eqs. (19), (22) and (79), we derive the
following expression for the EoS parameter for the interacting case wD,int:
wD,int = −3n+m− 2
3n
− b
2ρm0a
−3(1−b2)
0 t
−3(1−b2)n−(m−2)
3φ0 [2α+ n (nβ − ε)] , (80)
which can be also written as follows:
wD,int = wD − b
2ρm0a
−3(1−b2)
0 t
−3(1−b2)n−(m−2)
3φ0 [2α+ n (nβ − ε)] . (81)
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We have that, in the limiting case corresponding to b2 = 0 (i.e. in absence of interaction), we
recover the result of the non interacting case, i.e. wD,int = wD.
In Figure 6, we plot the behavior of the EoS parameter of DE for the interacting case wD,int given
in Eq. (81). We observe that wD,int has an increasing behavior for all the cases considered, starting
FIG. 6: Plot of the Equation of State (EoS) parameter of DE wD,int given in Eq. (81) as function of the
cosmic time t for the interacting case.
from values much lower than -1. For t → 0, we have that wD,int → −∞. Instead, for t → ∞,
we obtain that wD,int → wD. Therefore, considering the expression of wD given in Eq. (30), we
obtain the following set of values of the three cases considered:
wD,int,late,1 ≈ −1.033, (82)
wD,int,late,2 ≈ −0.917, (83)
wD,int,late,3 ≈ −0.883. (84)
At present time, we obtain the following values of the EoS parameter of DE wD,int for the interacting
case for the three cases considered:
wD,int,present,1 ≈ −1.047, (85)
wD,int,present,2 ≈ −0.930, (86)
wD,int,present,3 ≈ −0.897. (87)
Therefore, for the case with m = 2.2, we obtain a value which is beyond the phantom divide line,
while for the other two cases we obtain values higher than -1.
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Moreover, for the first two cases considered, i.e. for m = 2.2 and m = 1.5, we have that the value
of wD,int we obtained lie within the constraints obtained through observations given in Table 1.
Using the conservation equation for DE given in Eq. (75), we also obtain the following expression
for the pressure of DE pD for the interacting case:
pD,int = −ρD − ρ˙D
3H
− Q
3H
. (88)
Using the expressions of ρD and ρm,int derived, respectively, in Eqs. (18) and (79), we find the
following solution for pD:
pD,int = −φ0
(
3n+m− 2
n
)
[2α + n (nβ − ε)] tm−2 − b
2t−3(1−b
2)nρm0
a30
, (89)
which can be also written as follows:
pD,int = pD,non − b
2t−3(1−b
2)nρm0
a30
. (90)
In Figure 7, we plot the behavior of the pressure of DE pD,int for the interacting case given in
Eq. (89). We can observe that pD has an increasing behavior for all the cases considered, staying
FIG. 7: Plot of the pressure of DE pD,int given in Eq. (89) as function of the cosmic time t for the interacting
case.
always negative.
We have that, in the limiting case corresponding to b2 = 0 (i.e. in absence of interaction), we
recover the result of the non interacting case.
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We can also study the effective EoS parameter weff , which is defined for the interacting case as
follows:
weff,int =
pD,int
ρD + ρm,int
. (91)
We have already obtained the expressions of ρD, pD,int and ρm,int, respectively, in Eqs. (22), (90)
and (79). Therefore, the final expression of weff is given by:
weff,int = Aeff +Beff , (92)
where the quantities Aeff and Beff are defined as follows:
Aeff = − b
2t−3(1−b
2)nρm0
t−3(1−b
2)nρm0 + 3a
3
0t
−2+m [2α+ n (nβ − ǫ)]φ0
= − b
2t−3(1−b
2)n−(m−2)ρm0
t−3(1−b
2)n−(m−2)ρm0 + 3a
2
0 [2α+ n (nβ − ǫ)]φ0
, (93)
Beff = −
(−2+m+3n)tm−2 [2α+n(nβ−ǫ)]φ0
n
t−3(1−b
2)nρm0
a30
+ 3tm−2 [2α+ n(nβ − ǫ)]φ0
= −
(−2+m+3n)[2α+n(nβ−ǫ)]φ0
n
t−3(1−b
2)n−(m−2)ρm0
a30
+ 3 [2α+ n(nβ − ǫ)]φ0
. (94)
We have that, in the limiting case corresponding to b2 = 0 (i.e. in absence of interaction), we
recover the result of the non interacting case.
In Figure 8, we plot the behavior of weff,int given in Eq. (92).
We can clearly observe in Figure 8 that, initially, weff,int has a decreasing behavior for all the
cases considered, while it starts to have a flatter behavior for later times. Moreover, for all the
cases considered, we start with weff,int > −1, but we can observe that asymptotically tend to the
value −1.
For t → 0, we obtain that weff,int → −b2 = −0.025, Instead, we have that in the limiting case of
t→∞, we obtain that weff,int = wD. Therefore, we obtain that:
weff,int,late,1 ≈ −1.033, (95)
weff,int,late,2 ≈ −0.917, (96)
weff,int,late,3 ≈ −0.883. (97)
At present time, we obtain the following values for the three different cases we consider:
weff,int,present,1 ≈ −0.673, (98)
weff,int,present,2 ≈ −0.605, (99)
weff,int,present,3 ≈ −0.585. (100)
23
FIG. 8: Plot of the effective Equation of State (EoS) parameter weff,int obtained in Eq. (92) as function of
the cosmic time t for the interacting case.
We conclude, then, that the presence of interaction clearly affect the results we obtain. In fact, the
value of weff,int > −1 for t → 0 is different from the value obtained for the non interacting case,
in particular we obtain a lower value.
Finally, using the expression of ρD, ρm,int and pD,int obtained, respectively, in Eqs. (22), (79) and
(90), we obtain the following expression for qint:
qint =
1
2
− 3
2
{
φ0 (3n +m− 2) [2α+ n (nβ − ε)] tm−2
3nφ0 [2α+ n (nβ − ε)] tm−2 + nρm0a−3(1−b
2)
0 t
−3(1−b2)n
}
=
1
2
− 3
2
{
φ0 (3n+m− 2) [2α+ n (nβ − ε)]
3nφ0 [2α+ n (nβ − ε)] + nρm0a−3(1−b
2)
0 t
−[3(1−b2)n+m−2]
}
. (101)
In Figure 9, we plot the behavior of qint given in Eq. (101).
We can observe that qint has a decreasing behavior for all the three cases considered, starting with
qint > 0. The transition between non accelerated and accelerated Universe, i.e. between qint > 0
and qint < 0, happens at t ≈ 0.7 − 0.8, depending on the values of the parameters involved. We
can also observe that asymptotically we have qint → −1 for all the cases considered.
We can also make some considerations about limiting values of qint.
For t→ 0, we obtain the following value of qint,0:
qint,0 =
1− 3b2
2
. (102)
Therefore, we obtain that Eq. (102) and (103) is a constant which depend onlys on the value of
24
FIG. 9: Plot of the deceleration parameter qint given in Eq. (101) as function of the cosmic time t for the
interacting case.
the interaction term b2. Considering that b2 = 0.025, we obtain that qint,0 ≈ 0.4625, i.e. a value
lower than what obtained for the non interacting case.
Instead, in the limiting case of t→∞, we obtain that:
qint,late =
1
2
[
1− (3n+m− 2)
n
]
, (103)
which is the same result of the non interacting case.
Then, we obtain that Eq. (103) is a constant quantity which depends only on the values of m and
n.
At present time, we obtain that:
qnon,present,1 ≈ −0.509, (104)
qnon,present,2 ≈ −0.407, (105)
qnon,present,3 ≈ −0.377, (106)
therefore we obtain values of the deceleration parameter q indicating an accelerated Universe since
they are negative.
Comparing the results of the non interacting and the interacting case, we can conclude that the
presence of interaction between DE and DM affect the result obtained.
Following the same procedure of the non interacting case, we obtain following conditions about the
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parameters involved:
m (l2 − 1)− 3
(
1− b2)n+ 2 = 0, (107)
2 +m (l1 − 1) = 0, (108)
m(l2 − 1)− 2 = 0, (109)
Combining the results of Eqs. (107) and (108), we obtain also the following condition:
m (l2 − 1)− 3
(
1− b2)n−m (l1 − 1) = 0, (110)
which is equivalent to the following relation:
m (l2 − l1)− 3
(
1− b2)n = 0. (111)
Moreover, combining Eqs. (107) and (109), we obtain:
2m (l2 − 1)− 3
(
1− b2)n = 0. (112)
In the limiting case of b2 = 0, i.e. for absence of interaction, we recover the same results of the non
interacting case.
TABLE I: Summary of the values of the Equation of State (EoS) parameter wD obtained using different
observational cosmological data.
wD Observational Schemes References
−1.13+0.24
−0.25 Planck+WP+BAO Ade et al. (2013) [9]
−1.09± 0.17 Planck+WP+Union 2.1 Ade et al. (2013) [9]
−1.13+0.13
−0.14 Planck+WP+SNLS Ade et al. (2013) [9]
−1.24+0.18
−0.19 WMAP+eCMB+BAO+H0+SNe Ia Ade et al. (2013) [9]
−1.073+0.090
−0.089 WMAP+eCMB+BAO+H0 Hinshaw et al. (2013) [150]
−1.084± 0.063 WMAP+eCMB+BAO+H0+SNe Ia Hinshaw et al. (2013) [150]
3. STATEFINDER DIAGNOSTIC
The investigation and the study of some important cosmological quantities (like for example
the EoS parameter wD, the Hubble parameter H and the deceleration parameter q) have attracted
a lot of attention in modern Cosmology. Anyway, it is well known in Cosmology that different
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DE models usually lead to a positive value of the Hubble parameter H and a negative value of
deceleration parameter q (i.e. they lead to H > 0 and q < 0) at the present day epoch of the
Universe, i.e. for t = t0, for this reason we can conclude that the Hubble and the deceleration
parameters H and q can not effectively discriminate between the various DE models taken into
account. For this reason, a higher order of derivatives with respect to the cosmic time t of the
scale factor a (t) must be taken into account and required if we want to have a better and deeper
comprehension of the DE model taken into account. For this purpose, Sahni et al. [151] and Alam
et al. [152], considering the third derivative with respect to the cosmic time t of the scale factor
a(t), recently introduced the statefinder pair {r, s} with the aim to remove the degeneracy of H
and q at the present epoch of the Universe.
The general expressions of the statefinder parameters r and s as functions of the total energy
density and the total pressure are given, respectively, by the following general relations:
r = 1 +
9
2
(
ρtot + ptot
ρtot
)(
p˙tot
ρ˙tot
)
, (113)
s =
(
ρtot + ptot
ptot
)(
p˙tot
ρ˙tot
)
, (114)
or, equivalently, using the facts that ptot = pD and ρtot = ρD + ρm, by:
r = 1 +
9
2
(
ρD + ρm + pD
ρD + ρm
)(
p˙D
ρ˙D + ρ˙m
)
, (115)
s =
(
ρD + ρm + pD
pD
)(
p˙D
ρ˙D + ρ˙m
)
. (116)
The expressions of the statefinder parameters r and s are also given, respectively, by the following
relations:
r =
˙¨a
aH3
, (117)
s =
r − 1
3 (q − 1/2) , (118)
where q represents the deceleration parameter, which has been already studied in the previous
Section.
An alternative way to write the statefinder parameters r and s using the Hubble parameter and
its time derivatives is the following one:
r = 1 + 3
(
H˙
H2
)
+
H¨
H3
, (119)
s = − 3HH˙ + H¨
3H
(
2H˙ + 3H2
) = − 3H˙ + H¨/H
3
(
2H˙ + 3H2
) . (120)
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One of the most important properties of the statefinder parameters r and s is that the point with
coordinate corresponding to {r, s} = {1, 0} in the r − s plane indicates the point corresponding
to the flat ΛCDM model [153]. Therefore, we have that departures of given DE models from this
fixed point are good ways to establish the distance of these models from the flat ΛCDM model.
Moreover, we must underline here that, in the r − s plane, a positive value of the statefinder
parameter s (i.e., s > 0) indicates a quintessence-like model of DE while a negative value of the
statefinder parameter s (i.e. s < 0) indicates a phantom-like model of DE. Furthermore, an evo-
lution from phantom to quintessence (or the inverse) is obtained when the point with coordinates
{r, s} = {1, 0} in the r − s plane is crossed [154].
Different models, like braneworld, the Cosmological Constant ΛCC , Chaplygin gas and
quintessence, were well investigated in the paper of Alam et al. [152] using the statefinder di-
agnostic obtaining that the statefinder pair could effectively differentiate between these different
models. An investigation on the statefinder parameters with the purpose of differentiate between
DE and modified gravity models was carried out in the paper of Wang et al. [155]. The statefinder
diagnostics for the f (T ) modified gravity model has been studied in the paper of Wu & Yu [154].
We now want to study the statefinder diagnostic for the model we are taking into account for both
non interacting and interacting Dark Sectors.
1. Non Interacting Case
We start studying the behavior of the statefinder parameters r and s for the non interacting
case.
Using the expressions of ρD, pD and ρm given, respectively, in Eqs. (22) , (32) and (35), we obtain
the following expressions for the statefinder parameters rnon and snon for the non interacting case:
rnon = 1 +
3(m− 2)(m+ 3n− 2)tm+3n [2α+ n(nβ − ǫ)] a30φ0
2n2
{
ρm0t2 + 3tm+3n [2α+ n(nβ − ǫ)] a30φ0
}
= 1 +
3(m− 2)(m+ 3n− 2) [2α + n(nβ − ǫ)] a30φ0
2n2
{
ρm0t2−m−3n + 3 [2α + n(nβ − ǫ)] a30φ0
} , (121)
snon =
2−m
3n
. (122)
Therefore, we obtain that the expression of the statefinder parameter s obtained in Eq. (122) is a
constant depending on the values of the parameters m and n only.
In Figure 10, we plotted the statefinder trajectories for the non interacting case using the results
of Eqs. (121) and (122).
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We can now make some considerations about the values assumed by rnon and snon.
FIG. 10: The {r − s} trajectories for the non interacting case.
Singularities in the expressions of rnon and snon are avoided since we cannot have n = 0 since we
obtained at the beginning of the paper that we must have n > 0 in order to have an accelerated
Universe.
For t → 0, we obtain that r → 1 while the expression of s is given by Eq. (122). For the three
cases considered, we obtain, therefore, the following set of values of the statefinder parameters:
{r1, s1}non,0 ≈ {1,−0.033} , (123)
{r2, s2}non,0 ≈ {1, 0.083} , (124)
{r3, s3}non,0 ≈ {1, 0.117} . (125)
Therefore, for t → 0, we obtain for the first two cases considered, i.e. for m = 2.2 and m = 1.5,
values of the statefinder parameters which slightly differ from the value corresponding to the
flat ΛCDM model: the departure from the flat ΛCDM model is due to the value assumed by s.
Moreover, we obtain, for the case corresponding to m = 2.2, a quintessence-like model since we
obtain a negative value of s (i.e. s < 0) while for the other two models considered we obtain a
phantom-like model since we derive positive values of s (i.e. s > 0).
At late times, i.e. for t → ∞, we obtain that the expressions of the statefinder parameters are
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given by the following relations:
rnon,late = 1 +
(m− 2)(m + 3n− 2)
2n2
, (126)
snon,late = snon =
2−m
3n
. (127)
Combining the results of Eqs. (126) and (127), we can also write the following relation between
rnon and snon:
rnon,late = 1 +
(
9
2
)
snon,late (snon,late − 1) . (128)
For the three cases considered, i.e. m = 2.2, m = 1.5 and m = 1.3 (with n = 2 for all cases), we
obtain therefore the following values of the statefinder pair:
{r1, s1}non,late ≈ {1.155,−0.033} , (129)
{r2, s2}non,late ≈ {0.656, 0.083} , (130)
{r3, s3}non,late ≈ {0.536, 0.117} . (131)
For all the three cases considered, we obtain points which differs from that of the ΛCDM model,
Moreover, for m = 2.2 we obtain a quintessence-like model since s is negative, while for the other
two models we have a phantom-like model since we obtain that s assumes positive values.
At present time, we obtain the following set of values for the three different cases we consider:
{r1, s1}non,present ≈ {1.099,−0.033} , (132)
{r2, s2}non,present ≈ {0.777, 0.083} , (133)
{r3, s3}non,present ≈ {0.698, 0.117} . (134)
Therefore, we obtain for the case corresponding to m = 2.2, values of the statefinder parameters
which slightly differ from that of the ΛCDM model, while for the other two cases we obtain
values which considerably differs. Moreover, for the case corresponding to m = 2.2, we obtain a
quintessence-like model since s is negative, while for the other two models we have a phantom-like
model since we obtain that s assumes positive values.
For m + 3n − 2 = 0, which means m = 2 − 3n, we obtain that rnon = 1. Moreover, inserting
m = 2− 3n in Eq. (127), we obtain that snon assumes the value of 1 too. Therefore, we obtain a
value of the pair {r, s} which differs from the one corresponding to the flat ΛCDM one since we
have that snon 6= 0. Moreover, since we have s > 0, it means we are dealing with a quintessence-like
model.
For the limiting case corresponding to m = 2, we obtain rnon = 1 and snon = 0 independently on
the values of the other parameters.
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2. Interacting Case
We now extend the results obtained in the previous subsection considering the presence of
interaction between the Dark Sectors.
We always use the general expressions for r and s given in Eqs. (115) and (116).
We must underline here that for the interacting case the expression of ρm,int is given by:
ρm,int = ρm0a
3(1−b2)
= ρm0a
−3(1−b2)
0 t
−3n(1−b2), (135)
where we used the expression of the scale factor a(t) defined in Eq. (14).
Therefore, using the expression of the pressure of DE and the energy density of DE for the inter-
acting case, the expression of ρm given in Eq. (135) and the expression of qint given in Eq. (101),
we obtain the following expressions for the statefinde parameters rint and sint for the interacting
case:
rint = 1 +
A1
B1
, (136)
sint =
A2
B2
, (137)
where the terms A1 and B1 are defined as follows:
A1 = 3
{
3b2
(
b2 − 1)n2t2+3b2nρm0
+(m− 2)(m+ 3n− 2)tm+3n [2α+ n(nβ − ǫ)] a30φ0
}
, (138)
B1 = 2n
2
{
t2+3b
2nρm0 + 3t
m+3n [2α+ n(nβ − ǫ)] a30φ0
}
, (139)
while the terms A2 and B2 are defined as follows:
A2 = t
−(2+3n)
{
−3b
2
(
b2 − 1)nt−[1+3(1−b2)n]ρm0
a30
−(m− 2)(m+ 3n− 2)t
−3+m [2α+ n(nβ − ǫ)]φ0
n
}
×{(
b2 − 1)nt2+3b2nρm0 + (m− 2)tm+3n [2α+ n(nβ − ǫ)] a30φ0} (140)
B2 = na
3
0
{
3
(
b2 − 1) nt−[1+3(1−b2)n]ρm0
a30
+ 3 (m− 2) t−3+m [2α+ n (nβ − ǫ)]φ0
}
×
{
b2t3(b
2−1)nρm0
a30
+
(m+ 3n− 2)t−2+m [2α+ n(nβ − ǫ)]φ0
n
}
. (141)
We have that in the limiting case of b2 = 0, i.e. in absence of interaction, we recover the same
results of the non interacting case.
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In the limiting case of m = 2, we obtain the following expressions for the terms A1, A2, B1 and
B2:
A1 = 3
[
3b2
(
b2 − 1)n2t2+3b2nρm0] , (142)
A2 = t
−(2+3n)
{
−3b
2
(
b2 − 1)nt−[1+3(1−b2)n]ρm0
a30
}
×
[(
b2 − 1)nt2+3b2nρm0] , (143)
B1 = 2n
2
{
t2+3b
2nρm0 + 3t
2+3n [2α+ n(nβ − ǫ)] a30φ0
}
, (144)
B2 = na
3
0
{
3
(
b2 − 1)nt−[1+3(1−b2)n]ρm0
a30
}
×
{
b2t3(b
2−1)nρm0
a30
+ 3 [2α+ n(nβ − ǫ)]φ0
}
. (145)
In the limiting case of b2 = 0, we recover the same results of the non interacting case.
For → 0, we obtain that the expression of rint reduces to:
rint,0 = 1 +
(
9
2
)
b2
(
b2 − 1) , (146)
while sint,0 is given by:
sint,0 = 1− b2. (147)
Therefore, we obtain values of the statefinder parameters depending only on the value of the
interaction parameter b2.
Considering the value b2 = 0.025, we obtain the following values for the statefinder pair:
{rint,0, sint,0} ≈ {0.890, 0.975} . (148)
The result of Eq. (148) is valid for all the three cases considered.
Therefore, for t→ 0, for the interacting case, we obtain a point in the r−s plane which considerably
differs from the point corresponding to the flat ΛCDM model. Moreover, since we obtain a positive
value of s, we conclude that we deal with a quintessence-like model.
Moreover, for the limiting case of t→∞, we recover the same result obtained for the non interacting
case.
At present time, we obtain the following set of values for the statefinder parameters:
{r1, s1}int,present ≈ {1.060,−0.020} , (149)
{r2, s2}int,present ≈ {0.738, 0.096} , (150)
{r3, s3}int,present ≈ {0.659, 0.129} . (151)
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FIG. 11: The {r − s} trajectories for the interacting case.
For the case corresponding to m = 2.2, we obtain a value of the statefidner pair which is quite close
to that of the ΛCDM model, while for the other two cases we obtain values which considerably
differ from it. Moreover, for the case corresponding to m = 2.2, we obtain a quintessence-like
model since s is negative, while for the other two models we have a phantom-like model since we
obtain that s assumes positive values.
In Figure 11, we have studied the statefinder trajectories for the three cases we considered in this
paper and we have observed that the flat ΛCDM point is attainable. Furthermore, the trajectory
can go beyond that fixed point {r = 1, s = 0} and it can reach the quadrant r > 1, s < 0 for the
case with m = 2.2 only.
4. COSMOGRAPHIC PARAMETERS
In this Section, we obtain some important cosmological information about the energy density
model we are considering using the properties of the cosmographic parameters.
Standard candles (like for example SNe Ia) can be considered like powerful instruments in present
day Cosmology since they can be safely used in order to reconstruct the Hubble diagram, i.e. the
redshift-distance relation up to high redshifts z. It is quite common to constrain a particular model
which is wanted to be studied against the data in order to check its validity and to constraint the
values of its free parameters. Anyway, this kind of approach is highly model-dependent, for this
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reason there are still some doubts in the scientific community on the validity and reliability of the
constraints on the derived cosmological quantities.
In order to avoid this kind of problem, it is possible to use the properties and features of cosmog-
raphy, i.e. expanding the scale factor a (t) in Taylor series with respect to the cosmic time t. This
type of expansion of the scale factor leads to a distance-redshift relation which results to be totally
model independent since it results to be independent on the particular form of the solution of the
cosmic equations. Cosmography can be also considered as a milestone in the study of the main
features of the dynamics of the Universe, which any theoretical model considered has to take into
account and also to satisfy. We can now introduce the following five quantities [156, 157]:
q = −
(
a¨
a
)
H−2 = −a
(2)a
a˙2
, (152)
j =
(
1
a
)(
d3a
dt3
)
H−3 =
a(3)a2
a˙3
, (153)
scosmo =
(
1
a
)(
d4a
dt4
)
H−4 = −a
(4)a3
a˙4
, (154)
l =
(
1
a
)(
d5a
dt5
)
H−5 = −a
(5)a4
a˙5
, (155)
m =
(
1
a
)(
d6a
dt6
)
H−6 = −a
(6)a5
a˙6
. (156)
In order to avoid ambiguities, we indicate the third quantity (which will be described later on)
with scosmo in order it is not confused with the statefinder parameter s discussed in the previous
Section.
In general, we have that the i-th parameter xi can be obtained thanks to the following expression:
xi = (−1)i+1
(
1
H i
)
a(i)
a
= (−1)i+1 a
(i)ai−1
a˙i+1
, (157)
where the index i, when in parenthesis, indicates the order of the derivative with respect to the
cosmic time t while, when not in parenthesis, indicates the power law index of the corresponding
quantity.
The quantities given in Eqs. (152), (153), (154), (155) and (156) are known, respectively, as
deceleration, jerk, snap, lerk and max-out parameters. We have already derived and studied the
expression of the deceleration parameter q for both non interacting and non interacting Dark
Sectors in the previous Section.
The present-day values of the cosmographic parameters, denoted with the subscript 0, can be used
in order to characterize the evolutionary status of the Universe. For example, a negative value of q0
indicates an accelerated expansion of the Universe, while the value of j0 allows us to discriminate
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among different accelerating models. Moreover, j0 can be seen as a parameter which indicates the
status of the variation of the acceleration of the Universe; we also know that a positive value of
j0 implies that the deceleration parameter q changes its sign as the Universe expands. In some
recent works, some constrains about the values of the cosmographic snap and lerk parameters
have been derived. For example, Capozziello & Izzo [158] obtained that s0 = 8.32 ± 12.16, while
John [159, 160] has derived that scosmo,0 = 36.5 ± 52.9 and l0 = 142.7 ± 320. As we can clearly
see from the values obtained in these works, the errors associated with the values derived for the
snap and lerk cosmographic parameters are of the order of 200%, therefore for future more precise
comparisons between cosmological constraints of s and l and the values obtained from theoretical
models, it will be useful to have better constraints with more accurate errors. Instead, in the work
of Aviles et al. [161], some constrains about the value of m have been obtained. Authors found
that m0 = 71.93
+382.17
−316.76 using Union 2 + HST + H (z) data. Moreover, using the same set of data,
they derived j0 = −0.117+3.612−1.257, scosmo,0 = −7.71+14.77−7.83 and l0 = 8.55+23.39−27.86.
Using the definitions given in Eqs. (152), (153), (154), (155) and (156), we can easily obtain the
sixth order Taylor expansion of the scale factor a (t) as follows:
a (t)
a (t0)
= 1 +H0 (t− t0)−
(q0
2!
)
H20 (t− t0)2 +
(
j0
3!
)
H30 (t− t0)3
+
(scosmo,0
4!
)
H40 (t− t0)4 +
(
l0
5!
)
H50 (t− t0)5
+
(m0
6!
)
H60 (t− t0)6 +O
[
(t− t0)7
]
, (158)
where t0 represents the present day age of the Universe while H0 indicates the present day value
of the Hubble parameter H.
The deceleration parameter q has been already introduced and studied in Section 2.
The jerk parameter j is also another name of the statefinder parameter r we have previously stud-
ied and it represents a natural next step beyond the Hubble parameter H and the deceleration
parameter q [152, 162] since it involves derivatives of the scale factor a(t) with respect to the cosmic
time higher than H and q.
The snap parameter scosmo, which depends on the fourth time derivative of the scale factor a (t),
is also sometimes called kerk parameter and it has been well discussed in the works of Dabrowski
[163] Dunajski & Gibbons [164] and Arabsalmania & Sahni [162].
The lerk parameter l depends on the fifth time derivative of scale factor. More information can be
found in the paper of Dabrowski [163].
The m parameter, known also as max-out parameter, was considered and studied, for example, in
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the work of Dunsby & Luongo [165] and Aviles et al. [161].
Some relations involving the first time derivatives of the cosmographic parameters and the cosmo-
graphic parameters themselves are the following ones:
dq
dt
= −H (j − 2q2 − q) , (159)
dj
dt
= H [scosmo + j (2 + 3q)] , (160)
dscosmo
dt
= H [l + scosmo (3 + 4q)] , (161)
dl
dt
= H [m+ l (4 + 5q)] . (162)
Equivalent expressions involving the cosmographic parameters and the time derivatives of the
Hubble parameter H (i.e. the Hubble rate) are the following ones:
d2H
dt2
= H3 (j + 3q + 2) , (163)
d3H
dt3
= H4 [scosmo − 4j − 3q (q + 4)− 6] , (164)
d4H
dt4
= H5 [l − 5scosmo + 10 (q + 2) j + 30 (q + 2) q + 24] , (165)
d5H
dt5
= H6
{
m− 10j2 − 120j (q + 1)
−3 [2l + 5 (24q + 18q2 + 2q3 − 2scosmo − qscosmo + 8)]} , (166)
from which we can easily derive the following relations for j, scosmo, l and m:
j =
H¨
H3
− 3q − 2, (167)
scosmo =
(
1
H4
)
d3H
dt3
+ 4j + 3q (q + 4) + 6, (168)
l =
(
1
H5
)
d4H
dt4
+ 5scosmo − 10 (q + 2) j − 30 (q + 2) q − 24, (169)
m =
(
1
H6
)
d5H
dt5
+ 10j2 + 120j (q + 1)
+3
[
2l + 5
(
24q + 18q2 + 2q3 − 2scosmo − qscosmo + 8
)]
. (170)
We must underline that we have already derived the expression of q for both non interacting and
interacting cases in Eqs. (63) and (101), respectively.
We now want to derive information about the cosmographic parameters above defined for the
model we are studying and for both non interacting and later on interacting DE and DM.
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1. Non Interacting Case
We start calculating the expressions of the cosmographic parameters for the non interacting
case.
Using the expression of the scale factor defined in in Eq. (14), we obtain the following relation
involving the Hubble parameter H and its time derivatives:
H¨
H3
=
2
n2
, (171)
1
H4
(
d3H
dt3
)
= − 6
n3
, (172)
1
H5
(
d4H
dt4
)
=
24
n4
, (173)
1
H6
(
d5H
dt5
)
= −120
n5
. (174)
Therefore, using the results of Eqs. (171), (172), (173) and (174), we obtain the following expres-
sions for the cosmographic parameters for the non interacting case:
jnon =
2
n2
− 3qnon − 2, (175)
scosmo,non = 3q
2
non −
6
n3
+
8
n2
− 2, (176)
lnon = 15q
2
non + 20qnon +
24
n4
− 30
n3
− 20qnon
n2
+ 6, (177)
mnon = −15q3non + 30qnon −
120
n5
+
184
n4
+
90qnon
n3
− 80
n2
− 120qnon
n2
+ 16, (178)
where qnon has been obtained in Eq. (63).
In Figures 12, 13, 14 and 15, we plot the expressions of jnon, scosmo,non, lnon and mnon we have
obtained, respectively, in Eqs. (175), (176), (177) and (178).
For t→ 0, we obtain the following expressions for jnon,0, scosmo,non,0, lnon,0 and mnon,0:
jnon,0 =
2
n2
− 3qnon,0 − 2, (179)
scosmo,non,0 = 3q
2
non,0 −
6
n3
+
8
n2
− 2, (180)
lnon,0 = 15q
2
non,0 + 20qnon,0 +
24
n4
− 30
n3
− 20qnon,0
n2
+ 6, (181)
mnon,0 = −15q3non,0 + 30qnon,0 −
120
n5
+
184
n4
+
90qnon,0
n3
− 80
n2
− 120qnon,0
n2
+ 16. (182)
Considering that qnon,0 =
1
2 as we have derived before, we obtain the following expressions for
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FIG. 12: Plot of the cosmographic parameter jnon obtained in Eq. (175) as function of the cosmic time t.
FIG. 13: Plot of the cosmographic parameter scosmo,non obtained in Eq. (176) as function of the cosmic
time t.
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FIG. 14: Plot of the cosmographic parameter lnon obtained in Eq. (177) as function of the cosmic time t.
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FIG. 15: Plot of the cosmographic parameter mnon obtained in Eq. (178) as function of the cosmic time t.
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jnon,0, scosmo,non,0, lnon,0 and mnon,0:
jnon,0 =
2
n2
− 7
2
, (183)
scosmo,non,0 = −5
4
− 6
n3
+
8
n2
, (184)
lnon,0 =
79
4
+
24
n4
− 30
n3
− 10
n2
, (185)
mnon,0 =
233
8
− 120
n5
+
184
n4
+
45
n3
− 140
n2
. (186)
Using the value of n we have considered, i.e. n = 2, we obtain the following values for jnon,0,
scosmo,non,0, lnon,0 and mnon,0:
jnon,0 ≈ −3, (187)
scosmo,non,0 ≈ 0, (188)
lnon,0 ≈ 15, (189)
mnon,0 ≈ 7.5. (190)
We can observe that the results obtained in Eqs. (187), (188), (189) and (190) are in agreement
with the results obtained in Figures 12, 13, 14 and 15.
Therefore, we conclude that we obtain values of the cosmographic parameters which are in agree-
ment with results found in other papers since the values we derived are between the errors bars of
the values found in the relevant papers.
For far future, i.e. for t→∞, we have that jnon,late, scosmo,non,late, lnon,late and mnon,late are given,
respectively, by the following relations:
jnon,late =
2
n2
− 3qnon,late − 2, (191)
scosmo,non,late = 3q
2
non,late −
6
n3
+
8
n2
− 2, (192)
lnon,late = 15q
2
non,late + 20qnon,late +
24
n4
− 30
n3
− 20qnon,late
n2
+ 6, (193)
mnon,late = −15q3non,late + 30qnon,late −
120
n5
+
184
n4
+
90qnon,late
n3
− 80
n2
− 120qnon,late
n2
+ 16. (194)
Considering the expression of qnon,late given in Eq. (64), we can write the following expressions for
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jnon,late, scosmo,non,late, lnon,late and mnon,late:
jnon,late =
2
n2
+ 3
[
1 +
(m− 2)
2n
]
− 2
=
2
n2
+
3 (m− 2)
2n
+ 1, (195)
scosmo,non,late = 3
[
1 +
(m− 2)
2n
]2
− 6
n3
+
8
n2
− 2, (196)
lnon,late = 15
[
1 +
(m− 2)
2n
]2
− 20
[
1 +
(m− 2)
2n
]
+
24
n4
− 30
n3
+
20
n2
[
1 +
(m− 2)
2n
]
+ 6, (197)
mnon,late = 15
[
1 +
(m− 2)
2n
]3
− 30
[
1 +
(m− 2)
2n
]
− 120
n5
+
184
n4
− 90
n3
[
1 +
(m− 2)
2n
]
− 80
n2
+
120
n2
[
1 +
(m− 2)
2n
]
+ 16. (198)
Therefore, for the three cases considered for m and n, i.e. m = 2.2, m = 1.5 and m = 1.3 with
n = 2 for all the three cases, we obtain the following values for the cosmographic parameters:
jnon,late,1 ≈ 1.650, (199)
jnon,late,2 ≈ 1.125, (200)
jnon,late,3 ≈ 0.975, (201)
scosmo,non,late,1 ≈ 2.557, (202)
scosmo,non,late,2 ≈ 1.547, (203)
scosmo,non,late,3 ≈ 1.292, (204)
lnon,late,1 ≈ 4.537, (205)
lnon,late,2 ≈ 2.109, (206)
lnon,late,3 ≈ 1.584, (207)
mnon,late,1 ≈ 9.302, (208)
mnon,late,2 ≈ 3.955, (209)
mnon,late,3 ≈ 2.891. (210)
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At present time, we obtain, for the three different cases we are considering, the following values
for the cosmographic parameters we are studying:
jnon,present,1 ≈ −0.0209, (211)
jnon,present,2 ≈ −0.326, (212)
jnon,present,3 ≈ −0.414, (213)
scosmo,non,present,1 ≈ −0.0208, (214)
scosmo,non,present,2 ≈ −0.290, (215)
scosmo,non,present,3 ≈ −0.357, (216)
lnon,present,1 ≈ 0.0007, (217)
lnon,present,2 ≈ 0.177, (218)
lnon,present,3 ≈ 0.286, (219)
mnon,present,1 ≈ 0.001, (220)
mnon,present,2 ≈ 0.246, (221)
mnon,present,3 ≈ 0.390. (222)
The present day values of the cosmographic parameters we have derived are in agreement (or
between the errors) with the results obtained in some recent papers.
2. Interacting Case
We now want to derive the expressions of the cosmographic parameters considering the presence
of interaction between the Dark Sectors.
We still use the general expressions for j, scosmo, l and m:
j =
H¨
H3
− 3q − 2, (223)
scosmo =
(
1
H4
)
d3H
dt3
+ 4j + 3q (q + 4) + 6, (224)
l =
(
1
H5
)
d4H
dt4
+ 5scosmo − 10 (q + 2) j − 30 (q + 2) q − 24, (225)
m =
(
1
H6
)
d5H
dt5
+ 10j2 + 120j (q + 1)
+3
[
2l + 5
(
24q + 18q2 + 2q3 − 2scosmo − qscosmo + 8
)]
. (226)
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We have already derived the expression of qint in Eq. (9). Moreover, the expressions of
H¨
H3
,(
1
H4
) (
d3H
dt3
)
,
(
1
H5
) (
d4H
dt4
)
and
(
1
H6
) (
d5H
dt5
)
are the same of Eqs. (171), (172), (173) and (174).
Therefore, we obtain, for the interacting case, that jint, scosmo,int, lint and mint are given by the
following relations:
jint =
2
n2
− 3qint − 2, (227)
scosmo,int = 3q
2
int −
6
n3
+
8
n2
− 2, (228)
lint + 15q
2
int + 20qint +
24
n4
− 30
n3
− 20qint
n2
+ 6, (229)
mint = −15q3int + 430qint −
120
n5
+
184
n4
+
90qint
n3
− 80
n2
− 120qint
n2
+ 16, (230)
where qint has been obtained in Eq. (101).
In Figures 16, 17, 18 and 19, we plot the expressions of jint, scosmo,int, lint and mint we have
obtained, respectively, in Eqs. (227), (228), (229) and (230).
FIG. 16: Plot of the cosmographic parameter jint obtained in Eq. (227) as function of the cosmic time t.
For t→ 0, we obtain the following expressions for jint,0, scosmo,int,0, lint,0 and mint,0:
jint,0 =
2
n2
− 3qint,0 − 2, (231)
scosmo,int,0 = 3q
2
int,0 −
6
n3
+
8
n2
− 2, (232)
lint,0 = 15q
2
int,0 + 20qint,0 +
24
n4
− 30
n3
− 20qint,0
n2
+ 6, (233)
mint,0 = −15q3int,0 + 30qint,0 −
120
n5
+
184
n4
+
90qint,0
n3
− 80
n2
− 120qint,0
n2
+ 16, (234)
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FIG. 17: Plot of the cosmographic parameter scosmo,int obtained in Eq. (228) as function of the cosmic
time t.
FIG. 18: Plot of the cosmographic parameter lint obtained in Eq. (229) as function of the cosmic time t.
where qint,0 has been obtained in Eq. (102).
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FIG. 19: Plot of the cosmographic parameter mint obtained in Eq. (230) as function of the cosmic time t.
Inserting the expression of qint,0 in Eqs. (231), (232), (233) and (234), we can write:
jint,0 =
2
n2
− 1− 3b
2
2
− 2, (235)
scosmo,int,0 = 3
(
1− 3b2
2
)2
− 6
n3
+
8
n2
− 2, (236)
lint,0 = 15
(
1− 3b2
2
)2
+ 20
(
1− 3b2
2
)
+
24
n4
− 30
n3
− 20
n2
(
1− 3b2
2
)
+ 6, (237)
mint,0 = −15
(
1− 3b2
2
)3
+ 30
(
1− 3b2
2
)
− 120
n5
+
184
n4
+
90
n3
(
1− 3b2
2
)
− 80
n2
− 120
n2
(
1− 3b2
2
)
+ 16. (238)
Inserting the value of n we considered, i.e. n = 2, and considering b2 = 0.025, we obtain the
following values for the cosmographic parameters:
jint,0 ≈ −2.888, (239)
scosmo,int,0 ≈ −0.108, (240)
lint,0 ≈ 13.896, (241)
mint,0 ≈ 7.469. (242)
At late times, we obtain the same results of the non interacting case.
At present time, we obtain the following values for the cosmographic parameters we considered in
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this paper:
jint,present,1 ≈ 0.027, (243)
jint,present,2 ≈ −0.280, (244)
jint,present,3 ≈ −0.369, (245)
scosmo,int,present,1 ≈ 0.027, (246)
scosmo,int,present,2 ≈ −0.254, (247)
scosmo,int,present,3 ≈ −0.323, (248)
lint,present,1 ≈ 0.0012, (249)
lint,present,2 ≈ 0.130, (250)
lint,present,3 ≈ 0.227, (251)
mint,present,1 ≈ 0.0018, (252)
mint,present,2 ≈ 0.183, (253)
mint,present,3 ≈ 0.312. (254)
Therefore, we can observe from the results of Eqs. (239), (240), (241) and (242) that the
presence of the interaction between the Dark Sectors affects the present day values of the
cosmographic parameters, in particular they are lower than the case without interaction.
Also for the interacting case, we obtain values of the cosmographic parameters we have considered
which are in agreement (or within the errors) with the results obtained in some recent papers.
5. SQUARED SPEED OF THE SOUND
We now consider and study an important quantity considered in Cosmology in order to check
the stability of any DE model taken into account: this quantity is known as squared speed of
sound, it is indicated with v2s and it is generally defined as follows [166]:
v2s =
p˙tot
ρ˙tot
=
p˙D
ρ˙D + ρ˙m
, (255)
where ptot = pD and ρtot = ρD + ρm are, respectively, the total pressure and the total energy
density of the DE model taken into account.
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The sign of the squared speed of the sound v2s assumes an important role if we want to study the
stability of a background evolution. In fact, a negative value of the squared speed of the sound
v2s indicates a classical instability of a given perturbation in General Relativity [166, 167]. In the
paper of Myung [166], it was observed that the sing of the squared speed of the sound v2s for the
HDE model remains always negative if the future event horizon is considered as IR cut-off (which
means this model is unstable), while for the Chaplygin gas and the tachyon it is observed to be
positive defined. Moreover, Kim et al. [167] obtained that v2s for the Agegraphic DE (ADE) model
is always negative, which leads to an instability of the perfect fluid for the model. Recently, Sharif
& Jawad [168] have shown that the interacting new HDE model is characterized by a negative
squared speed of the sound v2s . Jawad et al. [169] have shown that the f (G) modified gravity
model in the HDE scenario with the choice of the scale factor in power law form is classically
unstable. Pasqua et al. [170] showed that the DE model based on the Generalized Uncertainty
Principle (GUP) with power-law form of the scale factor a (t) is classically instable.
We now want to study the behavior of the squared speed v2s for the model we consider in this paper
for both non interacting and later on interacting Dark Sectors.
1. Non Interacting Case
We start studying the behavior of v2s for the non interacting case.
Using in Eq. (255) the expressions of the pressure of DE pD, the energy density of ρD and the
energy density of DM ρm given, respectively, in Eqs. (22) , (32) and (35), we obtain the following
expression for the squared speed of the sound v2s,non for the non interacting case:
v2s,non =
(m− 2)(m+ 3n− 2) [2α + n(nβ − ǫ)]φ0tm−3
3n
{
nt−1−3nρm0
a30
− (m− 2) [2α+ n(nβ − ǫ)]φ0tm−3
}
=
(m− 2)(m+ 3n − 2) [2α+ n(nβ − ǫ)]φ0
3n
{
nt2−3n−mρm0
a30
− (m− 2) [2α + n(nβ − ǫ)]φ0
} . (256)
In Figures 20 and 21, we plot the behavior of the squared speed of the sound v2s,non obtained in Eq.
(256) for the range of values 0 < t < 4 and 0 < t < 1.4, respectively. We can observe in Figures
20 and 21 that the model corresponding to m = 2.2 is initially stable since we obtain v2s ≥ 0, but
it changes its sign for t > 1.5 becoming unstable; moreover, for late times, it assumes a constant
value. Instead, the models corresponding to m = 1.5 and m = 1.3 are unstable for all the range of
values of t since we obtain v2s ≤ 0; moreover, these two models have a smooth decreasing behavior,
tending to constant values for late times (i.e. for t→∞).
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FIG. 20: Plot of the squared speed of the sound v2s,non given in Eq. (256) for the non interacting case.
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FIG. 21: Plot of the squared speed of the sound v2s,non given in Eq. (256) for the non interacting case for
0 < t < 1.4.
We can now make some considerations about the expression of v2s obtained in Eq. (256).
For t→ 0, we have that v2s → 0, as we can also observe from Figures 20 and 21.
For far future, i.e. for t → ∞, we obtain that v2s assumes a constant value given by the following
general relation:
v2s,non,late =
2−m− 3n
3n
. (257)
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Therefore, for the three different cases considered in this paper, we obtain:
v2s,non,late,1 ≈ −1.033, (258)
v2s,non,late,2 ≈ −0.917, (259)
v2s,non,late,3 ≈ −0.883. (260)
The value v2s,non,late = 0 (which indicates transition from a stable to an unstable model) can be
obtained for the values given by the combination of m and n m + 3n − 2 = 0, which implies the
following relation between m and n:
m = 2− 3n. (261)
In order to have a stable model, the following conditions must be fulfilled:
2−m− 3n > 0, (262)
n > 0. (263)
We know that the second condition is always satisfied since we want to have an accelerated Universe.
Instead, in order to have an unstable model, the following conditions must be fulfilled:
2−m− 3n < 0, (264)
n > 0. (265)
We know that the second condition is always satisfied since we want to have an accelerated Universe.
At present time, for the three different cases we are taking into account, we have that the squared
speed of the sound assumes the following values:
v2s,non,present,1 ≈ 0.065, (266)
v2s,non,present,2 ≈ −0.122, (267)
v2s,non,present,3 ≈ −0.158. (268)
Therefore, we can conclude that, at present time, for the first case considered, we deal with a stable
model since v2s assumes a positive value while for the other two cases considered we deal with an
unstable model since v2s assumes negative values.
2. Interacting Case
We now want to study the behavior of the squared speed of the sound v2s for the interacting
case.
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Using in the general expression of v2s given in Eq. (255) the expressions of ρD, pD and ρm for the
interacting case obtained, respectively, in Eqs. (22), (79) and (90) we obtain the following relation
for v2s for the interacting case:
v2s,int = −
3b2(−1+b2)nt
−1+3(−1+b2)nρm0
a30
+ (m−2)(m+3n−2)t
−3+m [2α+n(nβ−ǫ)]φ0
n
3(−1+b2)nt−1+3(−1+b
2)nρm0
a30
+ 3(m− 2)t−3+m [2α+ n(nβ − ǫ)]φ0
. (269)
In the limiting case of b2 = 0, we recover the same result of the non interacting case obtained in
the previous subsection.
In Figures 22 and 23, we plot the behavior of the squared speed of the sound v2s,int given in Eq.
(269) for for the range of values 0 < t < 4 and 0 < t < 1.4, respectively.
In Figure 23, it is evident the effect of the interaction on the initial value of the squared speed of
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FIG. 22: Plot of the squared speed of the sound v2s,int given in Eq. (269) for the interacting case.
the sound. In particular, we have that the presence of interaction between the two Dark Sectors
leads to lower present day value of the squared speed of the sound v2s if compared with the non
interacting case we studied in the previous subsection.
We can observe in Figures 22 and 23 that the model corresponding to m = 2.2 is initially unstable
since we obtain v2s < 0 but it becomes stable for t ≥ 0.6. Moreover, for t > 1.5, the model becomes
unstable again. Instead, the models corresponding to the cases with m = 1.5 and m = 1.3 are
unstable for all the range of values of t since we obtain v2s < 0; moreover, the cases corresponding
to m = 1.5 and m = 1.3 have a smooth decreasing behavior and they assume a constant value for
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FIG. 23: Plot of the squared speed of the sound v2s,int given in Eq. (269) for the interacting case for
0 < t < 1.4.
late times. We can also conclude that all the three cases considered lead to an unstable model at
present time, i.e. at t = 0.
In the limiting case corresponding to m = 2, we obtain that v2s = −b2.
For t→ 0, we obtain that v2s = −b2 = −0.025, as we can also observe in Figure 23.
In the limiting case of t → ∞, we obtain the same results of the non interacting case obtained in
the previous subsection.
At present time, we have, for the three cases considered, that:
v2s,int,present,1 ≈ 0.041, (270)
v2s,int,present,2 ≈ −0.147, (271)
v2s,int,present,3 ≈ −0.182. (272)
As for the non interacting scenario, we obtain that for the first case considered, we deal with a
stable model since v2s assumes a positive value while for the other two cases considered we deal with
an unstable model since v2s assumes negative values. Moreover , we conclude that the presence of
interaction affects the behavior of the squared speed of the sound v2s . In particular, we have that
the value for t→ 0 is lower than the value obtained for the non interacting case.
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6. CONCLUSIONS
In this paper, we considered a recently proposed DE energy density model ρD proposed by Chen
& Jing [132] which is function of the Hubble parameter H and of the first and the second time
derivatives of H in the framework of the Chameleon Brans-Dicke (BD) Cosmology. Moreover, this
DE model is also characterized by three free parameters indicated with α, β and ε. We have con-
sidered a particular ansatz for the scale factor a, the BD scalar field φ, V and f . In particular, we
have chosen a and φ as power law form of the time, while V and f are taken as power laws of φ fol-
lowing the same choice made in [130]. The main purpose of this paper is to study the cosmological
consequences of considering the said DE model in interacting as well as non-interacting scenario
in the framework of Chameleon Brans-Dicke (BD) Cosmology. For the interacting scenario the
interaction term is taken as Q = 3b2Hρm, with b
2 indicating the interaction strength. In this two-
component model, the matter sector is chosen to be pressureless DM. As for any discussion related
to any DE model, the EoS parameter plays a significant role when the behavior of a particular
model is wanted to be studied. For this reason, we have studied the behaviour of the reconstructed
Effective EoS parameter in the framework of Chameleon BD gravity. The plot of the effective EoS
parameter weff we derived in Eq. (36) against the cosmic time t for the non interacting case (see
Figure 4) shows that, initially, the effective EoS parameter weff is much greater that −1. How-
ever, as the cosmic time t passes, we observe that weff starts to behave like a monotone decreasing
function of the cosmic time t. We can also observe that, in the later stage, weff is tending to the
value −1 and, at t ≈ 1.4, it is crossing the phantom boundary of −1 for the cases corresponding
to m = 2.2. Instead, for the other two values of m we considered, i.e. m = 1.5 and m = 1.3,
the effective EoS parameter weff is getting asymptotically near the phantom boundary without
crossing it. Hence, in the non-interacting scenario, we conclude that the effective EoS parameter
weff has a“quintom”-like behavior for the cases corresponding to m = 2.2. A similar behaviour
of the effective EoS parameter weff is observed in Figure 8 for the interacting case. Thus, the
presence of the interaction between the two Dark Sectors (which is characterized by the expression
of Q we have chosen) does not bring any significant change in the behavior of the effective EoS
parameter weff .
Apart from weff , we have also studied the behavior of the EoS parameter of DE wD for both non
interacting and later on interacting Dark Sectors. For the non interacting case, we observed that
it can assume values which can be greater, equals or less than −1 (i.e. the value corresponding to
the ΛCDM model) according to the values assumed by the parameters involved: in particular, an
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important role on the final value of wD is assumed by the two parameters m and n. In particular,
we observed that wD > −1 (quintessence) for m > 2 while we have that wD < −1 (phantom) when
m < 2, where n is kept at positive level in all cases (see Figure 2). For the interacting case, we
obtained the following present day values of the EoS parameter of DE: wD,int,present,1 ≈ −1.047,
wD,int,present,2 ≈ −0.930 and wD,int,present,3 ≈ −0.897. Therefore, for the case with m = 2.2, we
obtain a value which is beyond the phantom divide line, while for the other two cases we obtain
values higher than -1.
Moreover, for the first two cases considered, i.e. for m = 2.2 and m = 1.5, we have that the value
of wD,int we obtained lie within the constraints obtained through observations given in Table 1.
We have also studied the behavior of the deceleration parameter q, which is plotted against the
cosmic time t for the non-interacting scenario in Figure 5 and for the interacting scenario in Figure
9. The transition from decelerated to accelerated phase of the Universe (i.e. the transition from
q > 0 to q < 0) is apparent at t ≈ 0.8 for both non interacting and interacting DE and DM and
for all the three cases we considered. Therefore, irrespective of presence of interaction term, the
transition from decelerated to accelerated phase of Universe is attainable. Moreover, for both non
interacting and interacting scenarios and for all the three cases we considered, we obtained nega-
tive values of the present day deceleration parameter q, which indicated an accelerated Universe,
in agreement with the most recent cosmological data available.
In order to have further information about the model we are studying, we have studied and
plotted the statefinder trajectories for both the non interacting and the interacting scenarios.
The statefinder trajectories for the non interacting scenario are plotted in Figure 10. For the
three cases considered in this paper, we obtained the following values of the present day values
of statefinder pair: {r1, s1}non,present ≈ {1.099,−0.033}, {r2, s2}non,present ≈ {0.777, 0.083} and
{r3, s3}non,present ≈ {0.698, 0.117}. Therefore, at present time, we obtain that for the first case
considered, i.e. for m = 2.2, the values of the statefinder parameters slightly differ from the value
corresponding to the ΛCDM model. Instead, for the cases with m = 1.5 and m = 1.3, we obtain
values of the statefinder parameters which considerably differs from that of the ΛCDM. Moreover,
for the case corresponding to m = 2.2, we obtained a quintessence-like model while for the other
two cases considered we obtain a phantom-like model.
The statefinder trajectories for the interacting scenario are plotted in Figure 11. We observed that
the ΛCDM point is attainable for the case corresponding to m = 2.2. Furthermore, the trajectory
can go beyond that fixed point {r = 1, s = 0} and it can reach the quadrant r > 1, s < 0. Instead,
for the cases with m = 1.3 and 1.5, the ΛCDM is not attainable by the model. The present day
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values of the statefinder pair for the interacting scenario are given, for the three different cases we
consider in this paper, by {r1, s1}int,present ≈ {1.060,−0.020}, {r2, s2}int,present ≈ {0.738, 0.096}
and {r3, s3}int,present ≈ {0.659, 0.129}. Therefore, at present time, we obtain that for the first case
considered, i.e. for m = 2.2, the values of the statefinder parameters slightly differ from the value
corresponding to the ΛCDM model. Instead, for the cases with m = 1.5 and m = 1.3, we obtain
values of the statefinder parameters which considerably differs from that of the ΛCDM. Moreover,
for the case corresponding to m = 2.2, we obtained a quintessence-like model while for the other
two cases considered we obtain a phantom-like model. Finally, we can conclude that under inter-
acting scenario, the current Universe does not favour the ΛCDM scenario under this model.
We also studied the behavior of some cosmographic parameters, in particular the jerk j, the snap
scosmo, the lerk l and the work-out m parameters for the model we are dealing with. We have also
calculated the present day values of all the cosmographic parameters considered. For both non
interacting and interacting scenario, we obtained the present day values of the four cosmographic
parameters considered which are in agreement with results found in recent papers.
Finally, we studied the behavior of an important quantity in Cosmology, i.e. the squared speed
of the sound v2s , for the model we are studying for both non interacting and interacting scenarios.
The squared speed of the sound is used in order to understand if the model we study is stable or
unstable against small perturbations. We observed that the model can be both stable or unstable
depending on the values of the parameters we considered. In particular, for the non interacting
scenario, we obtained that, for the case with m = 2.2, v2s is initially stable but it becomes unstable
for later times. For the other two cases, i.e. for m = 1.5 and m = 1.3, we obtain that v2s is
always unstable, becoming a constant value for late times. The present day values of v2s for the non
interacting scenario for the three different cases we are taking into account are given, respectively,
by: v2s,non,present,1 ≈ 0.065, v2s,non,present,2 ≈ −0.122 and v2s,non,present,3 ≈ −0.158. Then, at present
time, for the first case considered, we obtain an stable model since v2s assumes a positive value
while for the other two cases considered we deal with an unstable model since v2s assumes negative
values. For the interacting scenarios, we have that, for m = 2.2, v2s is initially unstable, then it
becomes stable for a short period of time and then it becomes unstable again. Instead, for the other
two cases considered, i.e. for m = 1.5 and m = 1.3, we obtain that the squared speed of the sound
v2s is always unstable, becoming a constant value for late times. At present time, we obtain the
following values for v2s for the interacting scenario: v
2
s,int,present,1 ≈ 0.0410, v2s,int,present,2 ≈ −0.147
and v2s,int,present,3 ≈ −0.182. As for the non interacting scenario, we obtain that for the first case
considered, we deal with a stable model since v2s assumes a positive value while for the other two
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cases considered we deal with an unstable model since v2s assumes negative values. Moreover, we
conclude that the presence of interaction affects the values of the present day squared speed of the
sound v2s since the interaction term affect in particular the values of v
2
s for t→ 0 and the present
day values we derived.
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